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Abstract 

We consider fractional Brownian motion with the Hurst parameters from (1/2,1). We 
found that the increment of a fractional Brownian motion can be represented as the sum of 
a two independent Gaussian processes one of which is smooth in the sense that it is differ¬ 
entiable in mean square. We consider fractional Brownian motion and stochastic integrals 
generated by the Riemann sums. As an example of applications, this results is used to find an 
optimal pre-programmed strategy in the mean-variance setting for a Bachelier type market 
model driven by a fractional Brownian motion. 
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1 Introduction 

In this short note, we consider fractional Brownian motion and stochastic integrals generated by 
the Riemann sums. We found that the increment of a fractional Brownian motion with 

the zero mean can be represented as the sum of a two independent Gaussian processes one of 
which is smooth in the sense that it is differentiable in mean square sense, with the derivative 
that is square integrable on the finite time intervals. Similarly to the drift part of the diffusion 
processes, expectations of the integrals by this process are non-zero for the processes adapted 
to it. This process can be considered as an analog of the drift. It has to be noted that the term 
’’drift” is usually applied to fj. presented for the process fit + Bh (t ); see [3] , [18] , [7] , where and 
estimation of fi was studied. In [T8|, the term ’’drift” was also used for a representation for Bh 
after linear integral transformation and random time change via a standard Brownian motion 
process with constant in time drift. Our representation is for Bh itself, i.e, without an integral 
transformation. 
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We also present an example of applications for portfolio selection. Statistical properties of 
fractional Brownian motion are widely used for financial modelling; see, e.g., the review in [T] and 
[To] . Optimal portfolio selection also have been studied; see, e.g., m, [13], [in],mi, s, as well 
as more general optimal stochastic control problems [12] . It is known that the fractional market 
with the Hurst parameter H > 1/2 allows arbitrage (see, e.g., pQ). The arbitrage opportunities 
can be eliminated by inclusion of transaction costs in the model [9] . or by additional restrictions 
on the strategies such as in [T]. We consider pre-programmed strategies; this also helps to 
exclude arbitrage. We study the mean-variance setting for a Bachelier type market model 
driven by a fractional Brownian motion. This linear quadratic optimization setting, or so-called 
mean-variance portfolio, was first introduced for single period models by Markowitz (see [ 13 ) 
and extended later on multi-period and continuous time problems (see, e.g., m and [6] for 
multi-period problems and m for continuous time). 


2 The main result 


We are given a standard probability space (H, T, P), where H is a set of elementary events, T is 
a complete cr-algebra of events, and P is a probability measure. 

We assume that {BH{t)}te'R is a fractional Brownian motion such that H//(0) = 0 with the 
Hurst parameter H G (1/2,1) defined as described in [l6l|8] such that 


Bnit) - Bh{s) 

= CH f {t- q)^~^/‘^dB{q) + ch f 

J s J —oo 




- 


dB{q), 


( 1 ) 


where t > s, ch = y^2Hr(3/2 — H")/[r(l/2 -|- H)r{2 — 2H)] and T is the gamma function. Here 
{B(t)}t£-R is standard Brownian motion such that H(0) = 0. Let {St} be the filtration generated 
by the process B(t). 

By O, 


Bnit) - Bh{s) = WH{t) -I- Rnit), 


where 


WH{t)=CH j {t-q)^ ^/‘^dB{q), R^{t) = cr f f{t,q)dB{q), 

J S J —OO 

and where f{t, q) = {t — — {s — q)^~^^‘^. 

Let s > 0 and T > s be fixed. For r € [s, T] and g € ^ 2 ( 5 , T), set 


GH{T,s,T,g) = ch{H -1/2) / {t - t)^ ^^'^g{t)dt. 
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Theorem 1 . The processes Wnit) and Rnit), where t > s, are independent Gaussian {St}- 
adapted processes with zero mean and such that the following holds. 


(i) Wnit) is independent on S* for all t > s and has an ltd’s differential in t in the following 
sense: for any T > s, there exists a function h{-,s,T) € L 2 {s,T) such that 

f j{t)dWHit)= f GHiT,s,T,'y)dB{T) 

J S J S 

for any 7 G L 2 { 0 ,,Ss,P, L 2 {s,T)). 

(a) Rnit) is ^5s-fneasurable for all t > s and differentiable in t > s in mean square sense. 
More precisely, there exits a process T)Rh such that 

(a) TtR^it) is Ss-'oieasurable for all t > s; 

(b) for any t > s, 

EiVRHit)^ = Cff ——E f T>RH{q)‘^dq < +00-, 

2 ,/ o 


(c) for any t > s, 


lim E 

s^o 


Rnit + ( 5 ) — Rnit) 

5 


T)RH{t) 


= 0 . 


( 2 ) 


Corollary 1. Let'y{t) be a process such thatj{t) is Ss-nT-casurable for allt, and thafE 'y{t)‘^dt < 
+00 for any T > s. Then the following holds. 


(^) 


[ 'y{t)dBH{t) = f 'y{t)dWHit) + j '^{f)T)RH{t)dt 

J S t/ S 5 

= [ GH{T,s,T,j)dB{T) + [ -f{t)T)RH{t)dt, 


and all integrals here converge converges in Li( 0 ,St)P)- 

(ii) E ^{t)dWH{t) = 0 but it may happen that E ^{f)T)RH{f)dt / 0. 

Remark 1. For a small As > 0 and T = s + As, the term lEH(i)[s,s+As] represents a diffusion 
’’noise” component that is independent on the past, and the term RH{'t)[s,s+As] represents a a 
smooth and predictable component that is completely defined by the past. This and Corollary {Jjfiii) 
show that the smooth process Rnit) has some similarity with the drift term of a semimartingale 
diffusion process. 
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In [3],[S],HI, the term ’’drift” was applied for the parameter /r in the presentation ^t + B}{{t). 

In [18], Theorem 1, a representation of Bh after linear integral transformation and a time 
change was obtained via a standard Brownian motion process plus a linear in time process. 
Our representation is in a different setting, for the process Bh itself, i.e, without an integral 
transformation or time change. 

Proof of TheoremUjfi). Clearly, the processes Wnit) and Rnit) are Gaussian with zero mean 
and satisfy the required measurability properties. 

By the property of the Riemann-Liouville integral, there exists c > 0 such that 


a.s.. In addition, this value is Ss-nieasurable for any r. We have that the integral 'y{t)dWH{T) 
is defined as the Ito’s integral 

ch{B: - 1/2) 

= ch{H -1/2) f dB{T) j {t - T)^~^/‘^-i{f)dt = f dB{T)GH{T,s,T,'y) (3) 

•J S P J S 

To prove Theorem [TDii), we need to verify the properties related to the differentiability of 
Rnit). It suffices to prove the following lemma. 

Lemma 1. The mean square derivative described in Theorem{J\ exists and can he represented as 

T)RH{t)=CH r n{t,q)dB{q). 

J —OO 

For this process, 

e/ VRH{t)‘^dt = ^{T - s)'^^-^. 

Proof of Lemma m Let t > s and q < s. Consider the derivative 

flit,q) = {H-l/2){t-q)^-^/\ 


Since H — 3/2 G (—1, —1/2), it follows that 2{P[ — 3/2) € (—2, —1) and \\f[{t, •)IIl 2 (-oo,s) < +oo. 
Let f^^\t,q,6) = {f{t + 6,q) - f{t,q))/6, where 6 G {-{t - s)/2, {t - s)/2). 

Clearly, f{t,q) - f^^\t,q,6) 0 as J ^ 0 for all t > Ti and all q. Let us show that 

\\f'(t,-) - /^^H*r,'I)llL2(-oo,s) ^ 0 as (5 ^ 0. We have that 

pt-\-S 

f^^\t,q,5) = J f't{s,q)ds = f'{9{q,5),q) 
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for some 9{q,S) G (t,t + <5). Hence 




sup lft(t,q) - ft(h,q)l < h sup |/t"(/i,g)|, 

hG(t,t+S) kG(t,t-l-S) 


(4) 


where 


/"(h, q) = (II- 1/2)(H - 3/2)(h - q)^-^/^. 


For 5 > 0, we have that 


sup |/"(h,g)| < l(ff-l/2)(ff-3/2)l(t-q)^-^/^. 
hG(t,t+S) 

For S G (—(t — s)/2,0], we have that t + S — q>t + d — s> (t — s)/2, and 
sup lfi;(h,q)l <1(11- 1/2)(H - 3/2)|(t + 5 

hG(t,t+S) 

Since H — 5/2 G (—2, —3/2), it follows that \\ftt(t-, •)IU 2 (-oo,s) < +oo. 

By dH), it follows for all t > s that ch fl(t,q)dB(q) is mean square limit 


lim 

<5-i-0+ 


Rnit + 5 ) - Rnit) 


CH [ f't(t,q)dB{q). 

J —CO 


We denote this limit as T)RH(t), i.e., TiRnit) = ch f[(t,q)dB(q). 

Further, we have that 

R.VRH(tf = cl r \n(t,q)\^dq = cliH - l/2f [\t-qf^-^dq 

J —OO J —CO 

2 {H - 1/2)^ 


— c^- 


2H -2 


-(t-q) 


2H-2 


2 R ~ 1/2 /, „\2H-2 


- Ch „ 

—CO Z 


-{t-sY 


Hence, for T > s, 

rT 


^Is ^dt = - s] 


2H-1 


(5) 
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It follows that (jl]) holds. This completes the proof of Lemma [Hand Theorem [TJ □ 

Proof of Corollary The integral l(t)dWH(T) is defined as the Ito’s integral ([3]) that 
converges in L 2 (H, St, F*). Further, 


E 


.T / r'^ \ \ 

J j(t)‘DRH(t)dt < ( E y lYfdtj f E J DRuitfdtj , 
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and the integral 'y{t)T>RH{t)dt converges in Li(n,Ss,P)- Then statement (i) follows. State¬ 
ment (ii) follows from a straightforward example where 'y{t) = T>RH{t). □ 

3 Applications to financial models 

Consider the market model consisting of a risk free bond or bank account with the price b{t), 
t > 0, and a risky stock with the price S{t), t > 0. The prices of the stocks evolve as 

S{t) = S{0) + fit + aBnit), (6) 

where Bnit) is a fractional Brownian motion such as described above with the Hurst exponent 
H G (1/2,1). The initial price 5(0) € R is given; the parameters and //, a € R, cr 7 ^ 0 are also 
given. 

The price of the bond evolves as 


db{t) = rb{t)dt, 

where R(0) is a given constant, r > 0 is a short rate. For simplicity, we assume that r = 0. 

We assume that the wealth X{t) at time t G [0,T] is 

X{t) = I3{t)b{t) + -f{t)S{t). (7) 

Here (3{t) is the quantity of the bond portfolio, 7 (t) is the quantity of the stock portfolio, t >0. 
The pair (/?(•)) 7(0) describes the state of the bond-stocks securities portfolio at time t. Each of 
these pairs is called a strategy. 

We consider pairs (/1(0)7(0) such that (3{t) and 7 ( 1 ) are progressively measurable with 
respect to {St}- addition, we require that 

E / [0(t)^-h 7 (t)^] dt <-Foo. 

Jo 

This restriction bounds the risk to be accepted and pays the same role as exclusion of doubling 
strategies; see examples and discussion on doubling strategies in [T]. 

Furthermore, we restrict consideration by the set A consisting of 7 such that 7 (t) is So- 
measurable for all t > 0. In other words, we consider preselected strategies, where decisions 
are planned ahead at the initial time based on the available historical data. This is the setting 
portfolio selected according to a predetermined program that cannot be to be adjusted according 
to the flow of newly available market information; this helps to exclude arbitrage presented for 
currently adjustable strategies for market with H G (1/2,1) (see, e.g., [T]). In the stochastic 
control theory, similar strategies are called programmed controls. 
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An admissible strategy (/3(-),7(')) is said to be an admissible self-financing strategy if 


dX{t) = / 3 {t)db{t) + 'y{t)dS{t) = ^{t)dS{t), 


meaning that 

f 3 {s)db{s) + [ -i{s)dS{s), 
Jo 

Since we assumed that r = 0, it gives simply that 


X{t) = X{ 0 ) + f 
Jo 


X{t)=X{ 0 )+ f 'j{s)dS{s) = X{ 0 ) + fj. f j{s)ds + a f 'y{s)dBH{s). 
Jo Jo Jo 


Under this condition, the process 'y{t) alone defines the strategy. 

The stochastic integral mentioned above is defined as suggested in Corollary [TJi) . 

Let A > 0 and fe > 0 be given. Let Eq denote the conditional expectation given So) and 
let Varo denote the corresponding variance. 

Consider the following portfolio selection problem 


Maximize EA:(r) - AEVaroX(r) 



over 


7 € Al. 


( 8 ) 


The selection of A is defined by the risk preferences; the selection of A: > 0 represent a penalty 
for an excessive investment in the risky asset. 

This linear quadratic optimization setting, or so-called mean-variance portfolio, was first 
introduced for single period models by Markowitz (see [H!) and extended later on multi-period 
and continuous time problems (see, e.g., |14j and [6] for multi-period problems and [15] for 
continuous time). 

By Theorem [H we have that 


EoX(r) = ^ ^{t){fi + a'DRH{t))dt, VaroX(r) = Eo ^{t)dWH{t) 


Consider an operator T : ^ 2 ( 0 , T) —)■ L2(0,T) such that 


(Tj ^l)L2io,T) — 0, T, 7), Gh{-, 0 , T, 7))j;^2(o,r)- 

Clearly, the operator T is bounded, self-adjoint, and non-negatively defined. By Corollary [U it 
follows that 


EVaroX(r) = E(7,r7)i2(o,T)- 

Consider a Hilbert space IK = L2(A1, Soj P; .^^2(0, T)) with the standard L2-type scalar product 
(•, and norm || • ||m. 
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Problem ([8|) can be rewritten as 


Maximize + T>Rh)'k - - k\\l\\h. over 7 G IK. (9) 

The theory of linear-quadratic gives that the optimal solution in “K is 

l=j^{T + kI)-\^^ + aVRH). ( 10 ) 

Here I : L2{0,T) L 2 ( 0 ,T) is the identity operator. The operator (T -|- kl)~^ : L 2 ( 0 ,T') ^ 

L 2 ( 0 ,T) is bounded (see, e.g., Lemma 2.7 p.74 in [E]). A version of 7 can be selected such that 

7 (t) is So-measurable for a.e. t and 7 G L 2 ( 0 ,T) a.s.. 

Remark 2. The operator (T + kl)~^ can be applied to p, + aVR^ pathwise in L2{0,T); this 

does not require to apply any averaging over a probability measure. 

4 Discussion and future developments 

(i) It can be noted that estimation of p and T)Rh from observable data required by m is a 
non-trivial problem; see discussion in [3], [7j, and [18] . 

(ii) It could be interesting to solve a similar portfolio selection problem for a more mainstream 
model with S{t) = exp{pt +aBnit)). It is unclear yet how to do this for a setting with Sq- 
measurable quantity of shares 7 (t) for admissible strategies. However, it is straightforward 
to consider a model with this prices in a setting with 7 (t) = TT{t)/S{t), where 7r{t) is 
To-adapted. We leave for future research. 
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